The symplectic analysis of a four dimensional BF theory in the context of the Faddeev-Jackiw symplectic approach is performed. It is shown that this method is more economical than Dirac's formalism. In particular, the complete set of Faddeev-Jackiw constraints and the generalized FaddeevJackiw brackets are reported. In addition, we show that the generalized Faddeev-Jackiw brackets and the Dirac ones coincide to each other. Finally, the similarities and advantages between FaddeevJackiw method and Dirac's formalism are briefly discussed.
developed in Loop Quantum Gravity, BF theories have been studied in the context of spin foams.
In fact, in this approach is not considered the traditional Fock space formalism but holonomies along paths as the basic variables to be quantized [11] . With respect the classical context, there are several works studying the canonical structure of a BF theory, see the for instance the references [12] [13] [14] .
However, in these works has been used the canonical formalism by using a reduced phase space, this means, it has been considered as dynamical variables only those that occur in the Lagrangian density with temporal derivative, however, in several cases this approach is not convenient, for instance in Palatini's theory the price to pay for developing the standard approach is that we cannot know the full structure of the constraints and their algebra is not closed [15] , thus, the better way to carry out the canonical formalism is by following all Dirac's steps as it has been commented in [16] [17] [18] [19] [20] [21] . In consideration with the commented above, either the classical or the quantum study of BF theories and their close relation with GR is at the present a frontier subject of study [22, 23] .
In this manner, with the ideas explained previously in this work the Faddeev-Jackiw [FJ] symplectic quantization of a four-dimensional BF theory is performed. In fact, the FJ method provides an alternative approach for studying constrained systems based on a first-order Lagrangian [24, 25] .
The FJ method is a symplectic study and the basic feature of this approach is to treat all the constraints at the same footing. In other words, in FJ method one avoids the classification of the constraints into first-class and second-class ones as in Dirac's framework is done. In addition, some essential elements of a physical theory such as the degrees of freedom, the gauge symmetry and the quantization brackets called the generalized FJ brackets can also be derived; Dirac's and generalized FJ brackets coincide to each other. However, it is important to remark that in the canonical formalism we must to work by following all Dirac's steps in oder to compare with the FJ symplectic formalism. In fact, it has been showed that by following all Dirac's steps, the Dirac results and the FJ ones coincide [26] . In this respect, in this paper we also develop a pure canonical analysis and we compare the obtained results with the FJ ones. We will start with a SO (3, 1) invariant four-dimensional BF theory, however, we will break down the Lorentz group in order to work with a compact group, the remaining group will be SO(3). It is important to comment that in [27] a pure canonical analysis of a SO(3, 1) invariant BF theory has been performed, however, in that paper the Dirac brackets were not reported. The reason is that by working with the SO (3, 1) group either the Dirac or FJ constraints of the theory have not a simple structure and this fact difficults the construction of such brackets. In this respect, we report the complete structure of the constraints of the theory, then the Dirac and the generalized FJ brackets are computed, we will show that the Dirac brackets and the FJ ones coincide to each other. In this manner, our results complete and extend those reported in the literature.
The paper is organized as follows. In Section II the FJ analysis for a four-dimensional BF theory is performed; we report the complete set of FJ constraints. Moreover, in order to obtain a symplectic tensor we fix the gauge, then the generalized FJ brackets are found. In Section III, we develop a pure canonical analysis of the theory under study. We report the complete structure of the first class and second class constraints and we show that the algebra between the constraints is closed in full agreement with the canonical rules of Dirac's formulation. Then by introducing the Dirac brackets we eliminate the second class constraints. In Section IV we present some remarks and conclusions.
II. FADDEEV-JACKIW FRAMEWORK FOR BF THEORY
In this section we shall perform the FJ analysis, our laboratory will be given by a four-dimensional BF theory described by the following action
where Ξ is a constant,
β is a set of six SO(3, 1) valued two forms, the twoform curvature F of the Lorentz connection is defined as usual by
Here, I, J, K... = 0, 1, 2, 3 are internal Lorentz indices that can be raised and lowered by the internal metric η IJ = (−1, 1, 1, 1), x µ are the coordinates that label the points of the four-dimensional manifold M , and α, β, µ, ... = 0, 1, 2, 3 are space-time indices.
By performing the 3 + 1 decomposition and breaking the Lorentz group down to SO(3) we obtain the following Lagrangian density
here, a, b, c, ... = 1, 2, 3, ǫ 0abc = η abc and i, j, k, l... = 1, 2, 3 are lowered and raised with the Euclidean metric η ij = (1, 1, 1). By introducing the following variables [28] 
the Lagrangian takes the following form
In this manner, we can identify the symplectic Lagrangian given by
where (0) V is the symplectic potential expressed as
From the symplectic Lagrangian (6) we identify the following symplectic vari-
0a , B 0ai and the 1-forms a
In this manner, the symplectic matrix defined as
, is given by 
we observe that f (0) ij is singular and therefore, there will constraints. The modes of
f ij are given by the following 4 vectors
where
0a and V B0ai are arbitrary functions. Hence, by using these modes we find the following constraints
we can observe that these constraints are the secondary constraints obtained by using the Dirac method (see the following section). Now we shall observe if there are more constraints, for this aim,
we calculate the following system [29] f
Thus, the symplectic matrixf ij is given bȳ 
The matrix f ij is not a square matrix as expected, however it has null vectors. The null vectors are given by
On the other hand, Z k (ξ) is given by
The contraction of the null vectors with Z k , namely, V µ i Z µ (ξ) = 0, give identities. For instance, from the contraction of V 1 with Z k (ξ) we obtain
where we can observe that the left hand side vanishes because is a linear combination of constraints.
Hence, there are not more FJ constraints.
Furtheremore, we will add the constraints given in (13) to the symplectic Lagrangian using the following Lagrange multipliers, namely,
, thus the symplectic Lagrangian takes the form
= 0, this result is expected because of the general covariance of the theory just as it is present in General Relativity.
From the symplectic Lagrangian (22) we identify the following symplectic variables ξ
a , χ ai and the 1 -forms a
Hence, the symplectic matrix has the following form
where we have used the notation
We can observe that this matrix is singular, however we have showed that there are not more constraints, therefore the theory under study has a gauge symmetry. In order to obtain a symplectic tensor, we fix the following temporal gauge
this mean thatṪ i = 0,Λ i = 0,ς i a = 0 andχ ai = 0. In this manner, we introduce more Lagrange multipliers enforcing the gauge fixing. The Lagrange multipliers introduced are β i , α i , ρ a i , σ i a , thus , the symplectic Lagrangian takes the form
from this symplectic Lagrangian we identify the following symplectic variables ξ
, σ ai , and the 1-forms
Thus, the symplectic matrix is given by 
We can observe that this matrix is not singular, after a long calculation, the inverse of (2) f ij is given by 
where we have defined
Therefore, from the symplectic tensor (30) we can identify the generalized FJ brackets by means of
thus, the following generalized brackets arise
where we can observe that the FJ brackets and the Dirac ones coincide to each other (see the section below). Furthermore, in FJ framework there are less constraints than in Dirac's framework, in this sense, the FJ is more economical to perform; we will see this point in more details the following section. Finally, we carry out the counting of physical degrees of freedom. As we have commented above, in FJ formalism there are not a classification of constraints, they are at the same level, thus, the counting of physical degrees of freedom is performed as [DF = dynamical variables -independent constraints]. In this manner, there are 18 canonical variables given by (A coi , Υ i a ) and 18 independent first class constraints (Ω
0a 0i ); for BF theory it is well-knew that the constraints are reducible, the reducibility between the constraints is given by
and ∂ a Ω (0) 0a
. Therefore, the theory is devoid of physical degrees of freedom as expected. It is important to comment, that all results found in this section are not reported in the literature.
III. HAMILTONIAN ANALYSIS
In this section a pure Dirac's canonical analysis for the four-dimensional BF theory will be performed, we will follow all Dirac's steps in order to obtain the better canonical description of the theory [16] . For this aim, we start with the Lagrangian given in (2)
by considering the following change of variables [28, 30] 
In this manner, the canonically momenta of the dynamical variables are given by
with the following non-vanishing fundamental Poisson brackets between the fields
Furthermore, from the definition of the momenta, we identify the following 60 primary constraints
The canonical Hamiltonian of the theory is given by
by adding the primary constraints we obtain the primary Hamiltonian
where λ a0i , λ ai , α i , β i , θ ai , µ ai , λ ab0i , λ abi are Lagrange multipliers enforcing the primary constraints.
From consistency of the constraints, we identify the following 24 secondary constraintṡ
and the following 36 Lagrange multipliers
For this theory there are not tertiary constraints. Hence, in order to perform the classification of the constraints in first class and second class we proceed to calculate the following matrix whose entries are the Poisson brackets between all the constraints, it is
we find that this matrix has rank = 36 and 48 null vectors. From the null vectors we find the following 48 first class constraints
and the rank allows us identify the following 36 second class constraints
It is important to remark that the complete structure of the constraints (67) is not reported in the literature and this is a result of performing a pure Dirac's formulation. In fact, by working with the standard form, it is not possible to obtain a full structure of the constraints and the algebra could not be closed just as is present in four-dimensional Palatini's theory [15] . Furthermore, in order to compare the symplectic framework with the Dirac one, it is necessary to follow all steps of the Dirac formulation as has been developed in this paper.
With all information obtained, we can carryout the counting of physical degrees of the theory in the following form; there are 120 dynamical variables, 48 first class constraints and 36 second class constraints, hence we obtain -6 degrees of freedom. However, it is well-known that BF theory is a reducible theory, this is, the constraints are not independent to each other. The reducibility of the constraints are given by
hence, there are 42 independent first class constraints. Therefore, by performing the counting of physical degrees of freedom we conclude that the theory is devoid of degrees of freedom, the theory is a topological one as expected.
The algebra between the constraints is given by
where we observe that the algebra is closed and it obeys the rules of the canonical formalism of the algebra between the constraints [16, 17, 21] , namely, the result of the Poisson brackets between first class constraints with first class must be linear in first class constraints and square in second class; the result of the Poisson brackets between first class constraints with second class constraints must be linear in first class constraints and linear in second class constraints. We can observe that our results are in full agreement with these rules. Furthermore, the constraints γ 5 i and γ 0i 6 are identified as generators of rotations and boost respectively whereas γ 7 0i and γ 8 ai are generators of translations, this can be seen from the algebra between these constraints.
On the other hand, first class constraints are generators of gauge transformations. Hence, by defining the gauge generator in terms of first class constraints
we find the following gauge transformations
temporal gauge, namely, we take
These conditions are considered as a new set of second class constraints, hence, now there are the following 84 second class constraints
In this manner, the matrix C αβ = Γ α , Γ β whose entries are given by the Poisson brackets between the second class constraints (103) is given by 
and its inverse 
In this manner, by using (105) we construct the Dirac brackets given by 
where we can observe that the Dirac brackets and the generalized FJ brackets coincide to each other.
IV. CONCLUSIONS AND PROSPECTS
In this paper, the symplectic analysis of a four-dimensional BF theory has been performed. We reported the complete set of FJ constraints and we observe that there are present less constraints than in Dirac's method. Furthermore, we have carried out the counting of physical degrees of freedom concluding that the theory is a topological one as expected. In addition, we have used a temporal gauge in order to obtain a symplectic tensor, then the quantization brackets of FJ were obtained. On the other hand, a pure canonical analysis has been performed. Under a laborious work, we have reported the complete set of first class and second class constraints, the algebra between the constraints is in full agreement with the canonical rules; then using a temporal gauge the Dirac brackets were computed. The FJ and Dirac's brackets coincide to each other, thus we can conclude that the FJ is more economical than Dirac framework. Of course, if in the Dirac approach are introduced the Dirac brackets and the second class constraints are considered as strong equations, then the FJ and Dirac's constraints coincide to each other. Finally we would like to comment that in this work we provide the necessary tools for studying in alternative way the BF formulations of gravity such as that reported in [22] . In fact, in that work the canonical formulation of BF gravity has been performed, and will be interesting to study that theory by using the ideas of the symplectic formalism of FJ. All these ideas are in progress and will be the subject of forthcoming works.
